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1. Introduction
The study of flocks of quadric sets has been of considerable recent inter-
est. This is undoubtedly due to the myriad connections which exist between
flocks and generalized quadrangles, translation planes, exotic projective
planes, families of ovals, families of k-arcs, and maximal partial spreads.
In this article, we look for a group theoretic approach to the study of the
geometry of intersections of the planes of a flock of a quadratic cone that
contain the conics of the partition. Perhaps the main impetus for this study
is the recent result of J. A. Thas who completely characterizes the flocks of
a quadratic cone whose planes share a common point.
(1.1) Theorem (Thas [9, (1.5.6)]). Let F=[Ci | i=1, 2, ...q] be a flock
of a quadratic cone Q in PG(3, q) such that the planes ?i containing the
conics Ci for i=1, 2, ..., q, contain a common point P.
(1) If q is even then F is linear.
(2) (a) If q is odd and P is an interior point of Q then F is linear.
(b) If q is odd and P is an exterior point of Q then coordinates can
be chosen as follows: Represent PG(3, q) by homogeneous coordinates
(x0 , x1 , x2 , x3) for xi # GF(q), i=0, 1, 2, 3 and represent the cone Q by the
equation x0x1=x22 . Then the planes ?i may be represented by the equations:
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ai x0&ma_i x1+x3=0 where [a | i=1, 2, ..., q]=GF(q), _ is an automor-
phism of GF(q) and m is a fixed nonsquare in GF(q).
Conversely, given a nonsquare m in GF(q) and an automorphism _ of
GF(q), the planes ?i with equation ai x0&ma_i x1+x3=0, [ai | i=1, 2, ..., q]
=GF(q), define a flock F of the cone Q with equation x0 x1=x22 . Moreover,
the planes ?i all contain the exterior point (0, 0, 1, 0) of Q. Finally, the flock
is linear if _=1.
In the latter case (2(b)) avove, the corresponding translation plane to the
flock is a Knuth semifield plane. Hence, we refer to this flock as a semiifeld
flock of Knuth type.
Consider the mapping on the semifield flock of Knuth type \ which
maps (x0 , x1 , x2 , x3)  (x0 , x1 , &x2 , x3). \ fixes the cone x0x1=x22 , fixes
the vertex (0, 0, 0, 1) and since the equations which define the planes do
not involve x2 , \ must fix each plane of the flock that contains the conics
of the cover. Hence, (\) induces an automorphism group on the flock F
which we call a rigid group.
More generally, a group acting on a partial flock P of s conics (planes)
of a quadratic cone and fixing each plane of the partial flock is called a
s-locally rigid group on P.
In Section 2, we establish a fundamental relationship between s-locally
rigid groups and interesections of the planes of the partial flock. Our main
result in Section 2 is
The Fundamental Theorem. The planes of a partial flock P of s-conics
of a quadratic cone in PG(3, q) share a common point if and only if there
exists a nontrivial linear s-locally rigid group on P.
(See (2.2) for a more complete statement of this result.)
In Section 3, we consider the possibility that a s-locally rigid group
might exist but contain no nontrivial linear subgroups (subgroups of
PGL(4, q). Perhaps our main result here is actually a corollary to our
major theorem which is
(3.2) Corollary. If there exists a s-locally rigid group on a partial
flock of s-conics in PG(3, q) and s>2(q)12+1 then the planes of the partial
flock share a common point.
Then, with the fundamental theorem, we have a group theoretic charac-
terization of the linear flock and the semifield flocks of Knuth type.
(4.1) Theorem. A flock F of a quadratic cone in PG(3, q) is linear or a
semifield flock of Knuth type if and only if F admits a nontrivial rigid
automorphism group.
61rigidity in conical flocks
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In Section 5, s-rigid groups are considered. These are automorphism
groups of flocks which fix at least s planes of the flock. Apart from
fundamental results, our most striking result is the charaterization of the
Fisher flocks by s-rigid groups.
(5.1) Theorem. If F is a nonlinear flock in PG(3, q) that admits a s-rigid
automorphism group of order >2 for s(q&1)22 then F is a Fisher
flock.
In Section 6, using methods of rigid groups, we are able to improve the
result of Thas (1.1) for even order flocks.
(6.1) Theorem. Let F be a flock of a quadratic cone in PG(3, q) for q
even such that there are q2 planes of the flock that share a common point.
Then F is linear.
Finally, in Section 7, we apply these methods to show that if all but one
plane of a flock share a common point then the remaining plane must also
share this point (see (7.1)) and hence a characterization is possible via the
theorem of Thas (1.1).
2. The Fundamental Theorem
(2.1) Definition. Let P=[Ci | i=1, 2, ..., s] be a partial flock of s
conics of a quadratic cone Q in PG(3, q). Let G be a collineation group of
PG(3, q) which fixes the cone (so fixes the vertex v by assumption). Let ?i
denote the planes which contain the conics Ci for i=1, 2, ..., s. We shall say
that G is locally rigid on P if and only if G fixes each plane ?i . We shall
use the term s-locally rigid when the emphasis is on the number s of planes.
If the partial flock P can be extended to a flock F, note that the group
is not necessarily an automorphism group of the flock although it does act
on the cone.
In translating all of this to a partial spread situation as in Johnson [5],
for example, this means there is a net collineation which fixes each regulus
net that corresponds to the planes fixed by the group.
If the group is an automorphism group of a flock F extending P, we shall
use the term s-rigid group. Furthermore, when s=q we shall simply say
that the q-rigid group is a rigid group.
(2.2) Notes. (1) Any linear flock in PG(3, q) admits a rigid group of
order (q+1).
Pf: This group corresponds to the kern homology group of the
associated Desarguesian plane.
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(2) Any Fisher flock in PG(3, q) admits a (q&1)2-rigid group of
order (q+1)2.
Pf. Look at the construction of the corresponding translation plane by
the use of nest replaceable q-nests (see JhaJohnson [4]). There is an
associated Desarguesian spread and a collineation group of order q(q+1)
which is a semidirect product of an elation group of order q and a kern
homology group of order q+1. The replacement net consists of the images
of some Baer subplane of the Desarguesian affine plane which shares
exactly components with (q+1)2 of the base reguli defined by the orbits
of the elation group. The base reguli which are not included are all fixed
by the kernel group. The action on the flock has order (q+1)2 and fixes
exactly q&(q+1)2=(q&1)2 conics and planes.
(3) Any semifield flock of Knuth type admits a rigid group of order 2.
(4) Any translation plane that admits a collineation not in EK*
where E is the elation group of order q and K* is the kernel group of
order q&1 which fixes a regulus net induces a 1-rigid group on the flock.
Hence the BarrigaCohenGanley and Walker flocks admits such groups
(see [1]).
(5) The flock of ThasHerssensDe Clerck in PG(3, 11) admits
3-rigid linear groups (see [7]).
(2.3) The Fundamental Theorem. Let P be a partial flock of s-conics
of a quadratic cone in PG(3, q). Let G be a s-locally rigid group on P. If the
group has a nontrivial linear subgroup then the s planes share a common
point.
Conversely, if there exist a partial flock P of s conics such that the corre-
sponding planes share a common point then there is a nontrivial s-locally
rigid group on P.
Proof. Assume that G is a linear s-locally rigid group on P.
Consider one of the planes ?1 fixed by G. Let ?1 , ?2 , ..., ?t be a maximal
set of planes containing conics of P which share a common line L1 . Either
we are finished or t<s. Hence, there is a plane ?t+1 such that the intersec-
tion with ?1 is Lt+1{L1 . Either all planes share the point L1 & Lt+1=P1
or there is an additional plane ?t+2 such that the intersection Lt+2 with ?1
is neither L1 or Lt+1 and Lt+2 & L1=P2 {P1 . Let Lt+1 & Lt+2=P3 .
Then P1 , P2 and P3 are mutually distinct points of ?1 . Since the planes ?i
are all fixed by G, it follows that the lines Li for i=1, t+1, t+2 are fixed
and hence so are the points P1 , P2 , and P3 .
Let v be the vertex of the cone and consider the line vP1 . Note that this
line cannot intersect ?t+2 in P1 . Hence the intersection with ?t+2 is a point
distinct from v, P1 . Since G(or at least part of G) is linear, it follows that
63rigidity in conical flocks
F
ile
:5
82
A
26
11
05
.B
y:
B
V
.D
at
e:
17
:0
1:
96
.T
im
e:
11
:2
9
L
O
P
8M
.V
8.
0.
P
ag
e
01
:0
1
C
od
es
:
30
96
Si
gn
s:
26
42
.L
en
gt
h:
45
pi
c
0
pt
s,
19
0
m
m
the line vP1 is fixed pointwise by G. Repeat this argument for vP2 and note
that vP2 cannot intersect ?t+1 in P2 so that the intersection must be
distinct from v and P2 and must be fixed by G. Thus, vP2 is also pointwise
fixed by G. Since P3 is also fixed by G, it follows that G must be trivial
contrary to assumption.
Conversely, suppose there is a partial flock of s conics P that share a
common point Q.
First consider the case when q is even.
Consider a conic C in a Desarguesian plane ?. We consider an affine
version of the conic. Represent the conic by the equation y=x2 union the
infinite point (0). Let the knot be denoted by the infinite point (). We
note the following lemma:
Lemma. Let P be any point not on the conic C and distinct from the
knot K. Then there is a unique elation _ of the Desarguesian plane ? which
leaves C invariant, has axis PK and center P.
Proof. The line PK intersects the conic in a unique point T. Choose
coordinates so that line PK is the line at infinity of a Desarguesian affine
plane where K is the point () and T is (o) and the conic has the equation
y=x2. Consider the translation group of the affine plane ({a : (x, y) 
(x+a, y+a2)|a # GF(q)). Note that the center of {a is (a) on the line at
infinity. Since (x+a)2=x2+a2, it follows that this translation group
leaves the conic invariant. Moreover, since P is represented by (b) for some
b # GF(q)*, it follows that there is a unique translation(elation) with center
P and axis PK which fixes the conic.
Now assume that there are s planes containing conics of the partial flock
P that share a point P. If s>1 then we note that P could not be the knot
of any of the conics. If P is a knot K then choose coordinates so the conic
is x0x1=x22 and P is (0,0,1,0) where the projective space is given
homogeneous coordinates (x0 , x1 , x2 , x3).
Represent the planes of P by the equations: tx0&f (t)x1+g(t)x2+x3=0
where t is in a subset * of GF(q) of cardinality s and where f and g are
functions from * to GF(q) and further f is 1-1 (see Johnson [5]).
The fact that the planes share (0, 0, 1, 0) implies that g(t)=0 for t # *.
Now consider the corresponding partial spread in the 4-dimensional
vector space V4 over GF(q): x=0, y=x[ u+g(t), f (t)t, u ] for all u # GF(q) and
for all t # *. Since g(t)=0, we must have u2+tf (t){0 for all t # * and for
all u # GF(q). However, since tf (t) is always a nonzero square for t{0, we
may choose u so that u2+tf (t)=0.
Hence, P is not a knot of one of the conics. Choose any plane ?1 and
let K1 be the knot of the conic C1 contained in ?1 . Let _ be the unique
elation in ?1 with axis PK and center P which leaves C1 invariant. Now
64 jha and johnson
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consider the group of transvections with fixed plane generated by v, P and
K and direction in P. Clearly, this group induces an elation group on ?1
with center P and axis PK. Since any nonfixed image defines a transvec-
tion, there is a unique transvection { which induces _.
{ leaves v and a conic C1 invariant and as the cone may be generated by
v and any conic C1 , it follows that { leaves the cone invariant.
Furthermore, each plane on the center of { is fixed by { and since the
center is P, it follows that there is a s-locally rigid group ({) on the partial
spread P.
Now assume that the order q is odd.
First assume that the point P of intersection of the planes is exterior.
Let C1 be the conic in a plane ?1 containing P. Then P is exterior to the
conic C1 and there exist unique points S, T on the conic such that SP and
TP are tangents to the conic. By Hughes and Piper [3] (2.39) there exists
a unique involutory homology _ with axis ST and center P which leaves
the conic invariant.
Now consider a homology of the projective 3-space with axis the plane
generated by the vertex v and the points S and T with center P. Clearly,
there is an involutory homology { of the projective space which induces _
on ?1 . As in the even case, { induces a group on the cone and fixes each
plane which is incident with the center P. Hence, there is a s-locally rigid
group ({).
Now assume that the point P is interior. Let C1 be a conic in a plane ?1
that contains P. Then P is interior to the conic C1 . There are q(q&1)2
interior points and since the interior points are in a transitive class under
the orthogonal group fixing C1 and acting on ?1 , it follows that there is a
group of order 2(q+1) which fixes P and leaves C1 invariant. Further-
more, there is a cyclic group of order q+1 which acts regularly on the
points of the conic. Hence, there is a unique involution _ in this cyclic
group so that acting on ?1 is a homology _ which fixes P. Suppose the cen-
ter of _ is M. If P is not M then the cyclic stem must fix M. First assume
that q+1 is not 2a for some integer a. Then any element of odd order h
must fix another point on PM and hence fix PM pointwise. Hence, h is a
nontrivial homology with center J. But, since the stem group is Abelian, it
follows that J must be fixed by _. There is an element p of order 2 which
fixes two points E, F on the conic and normalizes any cyclic subgroup of
the stem. This means that p fixes M, R and T. Since the lines PE and PF
are fixed and P is interior, it follows that PE=PF. Moreover, since _ acts
fixed point free on the conic, it follows that M must also be interior to C1 .
Thus, the above argument shows that ME=MF so that P, M, E, and F are
collinear. If h is a homology group of odd order with center J then J must
be interior since the homology group acts fixed point free on C1 . Thus,
J is also collinear with M, E and F so that P, M, and J are collinear which
65rigidity in conical flocks
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is a contradiction. Hence, if q+1{2a, we have a contradiction. If
q+1=2a then any cyclic group of order {2 which fixes P and M has an
orbit of length 1 or 2 on PM&[P, M]. Thus, there exists a homology
group of order 2a&1 with axis PM&a contradiction as _ has center M
and the group in question must contain _.
Thus, we may assume that P is the center of _.
Now, as in the above argument, there is a homology { of the projective
3-space of order 2 with axis the plane generated by the vertex and the axis
of the homology _ in ?1 . Clearly, { leaves the cone invariant and also fixes
any subplane which contains the center P. Thus, the planes which contain
P and conics of the partial flock P are fixed by a s-locally rigid group.
This completes the proof of (2.3).
3. The Linearity Question
We now consider the possibility that there is a s-locally rigid group
which is not linear. If the corresponding planes are not to share a common
point, it can only be that there is no linear subgroup when considering the
group as a subgroup of PL(4, q).
(3.1) Theorem. Let P be a partial flock of s conics of a quadratic cone
in PGL(3, q) where s2. If P admits a s-locally rigid group which contains
no nontrivial linear subgroups then any subgroup of prime order fixes points
on each conic of each plane.
Proof Realize the partial flock as a partial spread consisting of s reguli
sharing a line (see Johnson [5]). Let one of the reguli have the standard
form x=0, y=x[ u0
0
u] for all u # GF(q). Note that there is a unique
Desarguesian spread  which contains two reguli sharing a line (see
Gevaert, Johnson, Thas [2]). Hence, the s-locally rigid group induces a
collineation group of .
Let g be a nonidentity element of prime order u which does not fix any
points on the conic C1 and let C1 correspond to the set of Baer subplanes
of the net whose partial spread is in standard form. Thus, u | q+1.
Moreover, since (g) does not contain any nontrivial linear subgroup, it
follows that the order of g also divides r where q=pr. Hence, u | (r, q+1).
We need to consider how the transfer to the partial spread and the con-
sequential action as a collineation group of a Desarguesian spread relates
to the group (g).
Since the Desarguesian spread of order q2 contains two regulus nets
sharing a line(component) and the Baer subplanes of each net correspond
to the two conics in the planes of the flock, we note that the elation group
66 jha and johnson
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E of order q which fixes the common component and acts transitively on
the other components of each regulus and the group of kernel homologies
K* of order q&1 both fix each Baer subplane of each regulus net and
hence fixes (q+1)s points of the corresponding cone ((q+1) points in s
conics). Since EK* induce linear groups on the cone in PGL(4, q), it
follows that EK* acts trivially on the cone.
Now let h be a collineation of  which fixes two regulus nets sharing a
component L, fixes L and fixes each Baer subplane(incident with the zero
vector) of both regulus nets. Since  admits E, we may assume that h fixes
two components of one of the regulus nets. Hence, we may represent h in
the form (x, y)  (x\a, x\d ) acting on  where a, d are elements of a field
F$GF(q2) coordinatizing  and \ # Aut F. The Baer subplanes ?b incident
with the zero vector in the standard regulus net are of the form [(:b, ;b) | :,
; # K$GF(q), K/F] where b is a nonzero fixed element of F. The image
of ?b under h is [(:b\a, ;b\d ) | :, ; # K]. Hence, ?b is fixed if and only if
b\a=#b and b\d=$b for some nonzero elements #, $ of K. Since h fixes all
such subplanes ?b it follows that \=1 and a and d are in K. let H denote
the Abelian subgroup of order (q&1)2 generated by homologies of order
(q&1) with axis x=0 or y=0. Thus, the possible group that can fix all
Baer subplanes is contained in EH and has order dividing q(q&1)2.
Note that this possible extra group does not occur in nonDesarguesian
planes corresponding to flocks of quadratic cones but here we are not
assuming that the locally rigid group is an automorphism group of the
flock andor induces a collineation group of the associated plane.
Hence, if G is the collineation group of  induced by (g) acting on the
cone, it follows that GEH$(g) . By tracing thru the action of groups acting
in a 4-dimensional vector space V4 over K$GF(q) wherein the partial
spreads lives, to the action in the 6-dimensional vector space V6 over K via
the Klein correspondence, it follows that a strictly nonlinear group acting
on the cone originates from a nonlinear element. Let GEH=(hEH)
where the action of h on the Baer subplanes incident with the zero vector
of the s-regulus nets is the same as the action of g on the conics of the s
planes containing the conics of the partial flock. Since E is transitive on the
components{x=0 of each regulus net, we may assume that h fixes y=0
and x=0 of the standard regulus net. Moreover, since h | g| # H, it follows
that |h|l |=| g| (recall that h | g| fixes all s nets which implies that this
element fixes additional components so that h | g| is in the kernel homology
group of  which implies that h | g| acts trivially on the line at infinity of the
partial spread). Since, | g| divides (r, q+1), it follows that either | g|=2 or
h fixes another component of the remaining q&1 components of the
standard regulus net.
In either case, we may assume that h has the form (x, y)  (x\a, y\d ) as
acting on  where a, d are in F* and \ in Aut F. Note that if \=1 then
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the corresponding element is K-linear. Hence, \{1. Since h must leave the
standard regulus invariant and maps y=x onto y=xa&1d, it follows that
a&1d # K*. Since there are no nontrivial linear subgroups of (g), it follows
that hr is in K*. Hence, it follows that a (\r&1)(\&1) and d (\r&1)( p&1) are
both elements of K*.
Now we want to show that such a collineation h must leave
invariant some Baer subplanes of the standard regulus net which will, in
turn, imply that g fixes points on each conic of the s planes of the partial
flock.
The subplanes ?b of the standard regulus net have the form
[(:b, ;b) | :, ;=K] where b is a fixed nonzero element of F$GF(q2).
First assume that | g|{2 so that a=d in the expression for h. Moreover,
since h | g| # K* and ( | g|, q&1)=1 in this case. If |h|=| g|t where t divides
q&1 then (h)=(ht)(h |t|). Hence, we may assume without loss of
generality that |h|=| g| provided the order of g is not 2.
Since the order of g is not 2, we have a=d in the expression for h. In
order that h does not fix any of these Baer subplanes, it must be the case
that b\a{b# for any # # K. But a(\r&1)(\&1)=1 (since r divides the order
of h under the assumption above). Letting F*=(|) , and let \ be pt for
t<2r. Then a( p2r&1)( p(t, 2r)&1)=1 and it follows that a=| j( p(t , 2r)&1) for some
integer j. But, then b\a does equal b# for some b in F and # in K since
b\&1=|k( pt&1)=|z( p(t, 2r)&1) for some integers k and z. That is, g must fix
points of a conic in the partial flock and it follows that it must fix points
in each conic of the partial flock.
Now assume that | g|=2. Then the corresponding element h acting on
the Desarguesian plane  has the form (x, y)  (x pra, y prd ) where apr+1
and d pr+1 are elements of K*. However, this element is K-linear contrary
to our assumption. Hence, this proves Theorem 3.1
(3.2) Corollary. Let P be a partial flock P of a quadratic cone of s
conics in PG(3, q) where q=pr. If s+1>( p(t, 2r)&1, pr+1) for all integers
t<2r and there is a s-locally rigid group on P then the s planes of P share
a common point.
In particular, if s>2q12+1 then the s planes of P share a common
point.
Proof. Let G be a s-locally rigid group on P. If there is a nontrivial
linear subgroup then we are finished by (2.1). Let g be any strictly non-
linear group element of prime order u{1. By (2.2), g has fixed points on
any conic. Let P be a point on a conic fixed by g and let v denote the
vertex of the cone. Then there are at least s+1 points which are fixed
by g on the line Pv since this line intersects each of the fixed planes in a
point.
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Consider the line as a 2-dimensional vector space over GF(q) and realize
this line as GF(q2) over GF(q). We know that there are s+1 fixed points
so that we may represent the element acting on the line by h: x  x\ for
some automorphism \ of GF(q2). Let q=pr and \=pm. Then h fixes a
1-space if and only if x\&1 # GF(q)*. If GF(q2)* = (|) then x #
(|( pr+1)(( pm, 2r)&1, ( pr+1)). It follows that the number of fixed 1-spaces is
exactly ( p(m, 2r)&1, pr+1). Hence, if s+1>( p(m, 2r)&1, pr+1)=C then this
latter case cannot occur and we must have a nontrivial linear subgroup.
Note that if m is odd then this latter number C is 1 or or 2 and if m is
even then C is less than of equal to 2( pr2+1).
4. A Characterization of the Semifield Flocks of Knuth Type
(4.1) Theorem. Let F be a flock of a quadratic cone in PG(3, q). If F
admits a nontrivial rigid group then F is linear or a semifield flock of Knuth
type.
Proof. Let G be a rigid group. Since G fixes q planes, we may apply
(3.2) and then use the result of Thas (1.1) for the characterization.
5. Rigid Automorphism Groups
In this section, we assume that we have an automorphism group of a
flock of a quadratic cone such that the group is s-rigid. Futrthermore, we
provide another characterization of the semifield flocks of Knuth type by
nonDesarguesian s-rigid groups. Also, we show how different the even and
order cases are by proving the unresticted axial theorem for even order.
(5.1) Definition. By the previous section, if there is a s-locally rigid
linear group then there are s planes of the flock that share a common point.
We shall call such a group nonDesarguesian if and only if the planes do
not share a common line.
(5.2) Theorem (The Axial Theorem for Even Order). Let F be a flock
of a quadratic cone in PG(3, q) for q even. If F admits a nontrivial linear
s-rigid automorphism group then the s fixed planes share a common line.
For odd order, we have
(5.3) Theorem. Let F be a flock of a quadratic cone in PG(3, q), q odd.
If F admits a nontrivial linear nonDesarguesian s-rigid automorphism group
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where the s-fixed planes share an exterior point then F is a semifield flock
of Knuth type.
Proof. We prove (5.2) and (5.3) together by the use of a more general
and technical lemma.
(5.4) Lemma. Assume the conditions of (5.2), or (5.3). The planes of the
flock may be represented in the form tx0&f (t) x1+g(t) x2+x3=0 for some
functions f and g on GF(q) and where the quadratic cone is given by
x0 x1=x22 .
(1) If q is even and F admits a nontrivial linear s-rigid group then the
s planes share a line.
(2) If q is odd and F admits a nontrivial linear s-rigid group then either
the s planes share a line or the order of the group is 2.
(3) If the flock admits a nonDesarguesian s-rigid group then the
s-planes share a common point.
(a) If the point is exterior to the cone then the flock is a semifield
flock of Knuth type.
(b) If the point is interior to the cone then the functions defining the
flock have the following properties: f (&m&1 f (t))=&mt for all t # GF(q)
where m is a nonsquare in GF(q), and g(&m1f (t))=g(t) for all t # GF(q).
The s-planes fixed by the group have the function f (t)=&mt for s values t
in GF(q).
Proof. Note in case (3), the assumptions can only be satisfied if s3.
By the fundamental theorem, the s planes of the flock corresponding to the
s-rigid group share a common point. Given a set of s planes that share a
common point P, we coordinatize so that one of these planes is x3=0, the
equation for the conic is x0x1=x22 and the vertex of the cone is (0, 0, 0, l).
Then we have the standard equation form for the planes of the flock:
?t : x0t&f (t) xl+g(t) x2+x3=0 for t # GF(q) where x0x1=x22 is the equa-
tion for the quadratic cone. Suppose that the common point for the s
planes is exterior. Then, since the group which leaves a conic invariant is
transitive on the exterior points, then without loss of generality, we may
assume that the common point for the s planes is (0, 0, l, 0). Hence, there
exists a subset * of GF(q) containing 0 such that g(t)=0 for all t # *.
Let ?F denote the translation plane obtained from the flock F. In
Johnson [6], a general condition for the existence of a linear group is con-
sidered. In particular, if the flock is not linear and if the plane ?0 (above)
of the flock is left invariant then there is a corresponding collineation of the
plane ?F of the form Diag[[ ac
b
d], [
av
cv
bv
dv]]. In general, if a plane ?t maps
to a plane ?h then the corresponding component y=x[ u+g(t)t ,
f (t)
u ] of the
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plane ?F maps to y=x[ w+g(h)h
f (h)
w ] where we have the following condi-
tions on a, b, c, d, v:
(1) h=((&cg(t)+at) av&c2f (t)v)$ where $=ab&cd,
(2) w=((&cg(t)+at) bv&cdvf (t))$,
(3) w+g(h)=((dg(t)&bt) av+dcvf (t))$ and
(4) f (h)=((dg(t)&bt) bv+d 2vf (t))$
(See Johnson [6, Section p. 839].)
We may choose the conic C which defines the cone to be one which is
fixed. Since all exterior (interior) points are in the same orbit under the
group which stabilizes C, we may simultaneiously choose the conic C to
correspond to the standard regulus in the translation plane (net) and
choose the common point to have a given form.
Since the group fixes the standard regulus net, we may assume that the
group elements have the form given above for all t # GF(q). Furthermore,
since the group element fixes s2 regulus nets, it follows that h=t for all
values t # *.
In the exterior point case, we have g(t)=0 for all t # *.
If the common point is interior, we may assume that the point is
(1, &m&1, 0, 0) where m is a nonsquare if q is odd. In this case,
f (t)=&mt for all t # *.
Furthermore, if f (t)=:t+;g(t) for all t # *, then (:, 1, &;, 0) is a point
common to all s planes. Hence, if g(t)=\t and f (t)=#t for all t # * for
constants \ and # then there is a common line. But, this is contrary to our
assumptions. Hence, either we have a common point exactly and the
collineations must avoid the above situations of the functions f (t) and g(t).
When g(t)=0 for all t # * and we don't have f (t)=:t for some : (since
otherwise the s planes of the partial flock share a common line) then in
equation (1) above, it follows that c=0 and hence av$=1 so that d=av.
In equation (4), d 2v$=1 and hence b=0. Thus, a=dv so that v is \1.
The collineation then has the form
_
a 0 0 0
&0 av 0 00 0 av 00 0 0 a
Since we have the kernel homologies acting trivially on the flock, we may
assume that a=1 and v=&1.
Hence, now we may use the equations above with a=1, b=c=0,
d=&1 and v=&1. Thus, from equation (1), we have that s=a2tv$=t.
This says that the collineation actually fixes each regulus net and in turn
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there is a corresponding rigid automorphism of the flock so that there must
be a point which is common to all of the planes of the flock. We now use
the result (1.1) of Thas. Note that, in this case, the plane must be a semi-
field plane of Knuth type since we are assuming that s of the planes do not
share a common line. This is enough to prove (5.3). However, in order to
complete the proof of the lemmaproposition we shall consider the situation
with a common interior point.
If the point common to s of the planes is interior and of the form
(1, &m&1, 0, 0) then f (t)= &mt for all t # *. In order that g(t), for t # * is
not of the form :t for some : # GF(q), we go back to the restrictions
imposed by equations (1) thru (4). Equation (1) implies that ca=0 and
equation (4) implies that db=0. Hence, a=d=0 or b=c=0.
If b=c=0 then equation (1) shows that a2v$=1. Equation (2) implies
that w=0 so that by (3) we have either g(t)=0 for all t # * contrary to
assumptions, or dav$=1. Hence, v=1 and a=d. But, in this case, the
collineation of the translation plane is a kernel homology group and thus
acts trivially on the flock.
Hence, a=d=0. Recall that we have f (t)=&mt for all t # *. Equation
(1) shows that &c2v$=&m&1 so that &m=bcv. From (1), we obtain
t=c2mv$t for all t # * and since there is at least three elements of *, it
follows that &m=dcv. Equation (2) shows that &cbvg(t)$=w=vg(t).
Then equation (3) implies vg(t)+g(t)=0 so that v= &1. Since we may
multiply by a kernel homology c&1I4 , we may take c=1 so that b=m.
It now follows that y=x[ g(t), f (t)t, 0 ] maps to y=x[
0, &mt
&m&1 f (t), &g(t)]. This
component becomes y=x[ g(t), &mt&m&1f (t), 0] by adding y=x[
g(t), 0
0, g(t)] (which is
in the corresponding regulus net). Hence, f (&m&1f (t))= &mt for all
t # GF(q) and g(&m&1 f (t))=g(t) for all t # GF(q).
Now to prove (1), assume q is even. Then either all s planes share a com-
mon line or we avoid this situation as in the above argument. We must
have the interior point situation. Thus, we cannot have a common point by
Thas. Hence, it is not the case that f (t)=mt for all t # GF(q). Thus, there
exist distinct t, s # GF(q) such that g(t)=g(s). However, we must have the
differences of the matrices nonsingular. This translates to u2+u(g(t)&
g(s))&(t&s)( f (t)&f (s)){ for all u # GF(q). However; if g(t)=g(s) then
u2&(t&s)( f (t)&f (s)) does equal 0 for some nonzero u # GF(q). This
proves (1).
Hence, this completes the proof of (5.2). But to continue with the lemma
we observe that (3) follows from the above argument.
Now assume the conditions of (2). The above argument shows that any
element in the rigid group which realized within the translation plane
squares to a kernel homology so has order two when acting on the flock.
Any group element Diag([ a, bc, d], [
a, b
c, c] v) must have b=c=0 or a=d=0.
We have seen that we must have a=d=0 or the element reduces to a
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kernel homology. And, we have seen that we may take c=1 and b=m
where f (t)=&mt and (1, &m&1, 0, 0) is the interior common point of the
s planes. Hence, the rigid group has order 2.
(5.5) Theorem. Let F be a flock of a quadratic cone in PG(2, q) that
admits a s-rigid automorphism group with s(q&1)22.
(1) If q is even then F is linear.
(2) If the order of the group is >2 then F is linear or Fisher.
Proof. Suppose first there is a nontrivial linear subgroup. Then by
Section 2, there is a subset of s planes which share a common point. If
these planes share a common line then there is a partial linear flock of s
planes. If s>(q&1)2, it follows that the flock is linear by Thas [9] (1.5).
If s=(q&1)22 then there is still a common point by section 2. If there
is a common line and the flock is not linear then the plane is Fisher by
Payne and Thas [8]. Thus, assume that the s planes do not share a line
but do share a common point. By (5.2), we may assume that the order q
is odd but when the group order >2 we have a contradiction.
Thus, assume that there is no nontrivial linear subgroup. Then any
element g of prime order u has fixed points on each of the s fixed conics.
Joining a fixed point P to the vertex v of the cone shows that there are
s+1 fixed points on vP. It follows that since s(q&1)2, we must then have
s+1(q+1)2>( pt, 2r)&1, q+1=Nt for any t<2r. But, (q+1)2>Nt
unless (q+1)2 divides ( p(t, 2r)&1) which can only occur only if (t, 2r)r
so that (t=2r).
Hence, the indicated automorphism is actually linear. Thus, we have the
proof of Theorem 5.5.
We now give the axial theorem for odd order.
(5.6) Theorem (The Axial Theorem for Odd Order). Let F be a flock
of a quadratic cone in PG(3, q), q odd. If F admits a nontrivial linear s-rigid
linear group of order >2 then the s fixed planes share a line.
Proof. By (5.3), if the common point P guaranteed by the fundamental
theorem is exterior, we obtain a rigid subgroup. But, also the proof of the
lemma (5.4) shows that either there is unique involution that is s-rigid
(provided the s planes do not share a line) or the flock is linear. If the point
P is interior, (5.4) shows that the group must have order 2 or the s planes
share a common line.
Our proof of the axial theorem was based upon coordinatesfunctions
defining the corresponding flocks. We structured the proof in this way to
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bring out the distinction between exterior and interior common points of
the partial flock. We therefore include a direct proof of the axial theorem
for odd order which works in the projective space.
The Axial Theorem for Odd Order Flocks. If a flock in PG(3, q)
admits a linear s-rigid group of order larger than 2 then the planes fixed by
the group share a line.
Proof. If a group G is at least 3-rigid then there exists a fixed common
point P and if we assume the planes are not axial then there exist planes
?1 , ?2 , ?3 whose pairwise intersections are mutually distinct lines. We first
assert that the order of G and q are relatively prime. If not there is a non-
identity element g of G that fixes a point of the conic of ?1 . But, then g
fixes points of the conics of the other at least two fixed planes so that g
fixes all points on a line of the cone and hence fixes all planes so that the
flock is linear of a semifield flock of Knuth type. Acting on the translation
plane, in the latter situation, we obtain an induced linear group of order
pq and fixing each regulus net. But, this implies that there is a Baer
collineation of odd order p coexisting with an elation group of order q,
which cannot be the case. Hence, the flock is linear if G has an element of
order p where pr=q.
Hence, G fixes a point of each plane and thus fixes a Maschke comple-
ment M and N in planes ?1 , ?2 respectively. Hence, there exist fixed points
on M & ?1 & ?2 and on M & ?1 & ?3 in ?1 and similarly there exist fixed
points on N in ?2 . Joining any of these fixed points to the vertex, it follows
that G is a homology group of PG(3, q) with center the common point P
with fixed axis hyperplane not equal to ?1 . But, this means that G fixes M
pointwise. Take any line thru P which intersects the conic nontrivially.
There are at most two tangent lines to the conic thru P. Take any other
line which intersects the conic in two points. Then these points are inter-
changed or fixed by elements of G. Hence, since the order is strictly larger
than 2, there must exist a nontrivial element h of G which fixes the conic
pointwise. But, this implies that h fixes all planes of the flock and acts
trivially on the quadratic cone. Hence, the original set of fixed planes must
share a line.
6. Rigidity of Large Degree
Here we consider the possibility that there is a flock and a set of
>(q&1)2 planes that share a common point.
(6.1) Theorem. If a flock F in PG(3, q) contains a partial flock P of
degree>(q&1)2 where the planes of P share a common point then there is
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a linear automorphism _ of F which fixes each conic of P; local s-rigidity for
s>(q&1)2 implies s-rigidity.
Proof. By the previous section, there exists a local P-rigid linear
automorphism _. Then F and F_ contain P. Since the degree of P is
>(q&1)2 this implies that F=F_.
Recall Thas showed that when q is even and the planes of a flock share
a point then the flock is linear. With these results, we are able to extend
Thas's result for even order flocks if only at least q2 planes of the flock are
assumed to share a common point.
(6.2) Theorem. Let F be a flock in PG(3, q) where q is even. If there
exists a partial flock P of degreeq2 whose planes share a common point
then F is linear.
Proof. By previous (6.1), there is a s-rigid linear automorphism group
where sq2. We may now apply the axial theorem. Then the flock must
be linear since any two flocks that share >q&12 conics are idential (Thas
[9]).
7. Applications
To apply results of the previous sections, we consider the maximal situa-
tion possible where there is a flock and a set of s-planes containing the
conics of the flock that share a common point. The maximal situation
would be s(q&1).
(7.1) Theorem. Let F be a flock of a quadratic cone in PG(3, q) and let
at least q&1 of the planes that contains the conics of F share a common
point. Then all such planes share a common point and the flock is linear or
a semifield flock of Knuth type.
Proof. By (6.1), there is an linear automorphism of the partial flock of
q&1 conics. This translates into a linear collineation of the partial spread
P(q&1) of degree 1+q(q&1) in the corresponding translation plane ?. Now
let g be any collineation of the partial spread P(q&1) . Then ?g also contains
P(q&l ) so that ? and ?g are either equal or there is a replaceable net of
degree q which cannot occur. Hence, ?=?g. That is, any collineation of
P(q&1) is also a collineation of ?. Hence, the extra net defines a regulus net
(together with the common component). lt easily follows that any collinea-
tion which fixes P(q&1) must fix the extra regulus net. Translating this back
to the flock, we have a nontrivial linear automorphism which fixes each
conic of F so that by (2.3), we have a common point. We may then apply
the result of Thas to complete the proof.
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It might be pointed out that (7.1) would not be true if it were only
assumed that q&2 planes of the flock share a common point since when
q=5 this is always true but there is the nonlinear flock of Fisher.
References
1. H. Gevaert and N. L. Johnson, Flocks of quadratic cones, generalized quadrangles, and
translation planes, Geom. Dedicata 27, No. 3 (1988), 301317.
2. H. Gevaert, N. L. Johnson, and J. A. Thas, Spreads covered by reguli, Simon Stevin 62
(1988), 5162.
3. D. R. Hughes and F. C. Piper ``Projective Planes,'' Springer-Verlag, New York
HeidelbergBerlin, 1972.
4. V. Jha and N. L. Johnson, Nests of reguli and flocks of quadratic cones, Simon Stevin 63
(1989), 311338.
5. N. L. Johnson, Flocks and partial flocks of quadric sets, Contemp. Math. 111 (1990),
7180.
6. N. L. Johnson, Derivation of partial flocks of quadratic cones, Rend. Mat. 12, No. 4
(1992), 817848.
7. N. L. Johnson and G. Lunardon, Partial flocks in PG(3, 11) admitting Z2_S2 , preprint.
8. S. E. Payne and J. A. Thas, Conical flocks, partial flocks, derivation, and generalized
quadrangles, Geom. Dedicata 38 (1991), 229243.
9. J. A. Thas, Generalized quadrangles and flocks of cones, European J. Combin. 8 (1987),
441452.
76 jha and johnson
